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Deformation of complex Finsler metrics

Annaméria SZASZ-FRIEDL

Abstract

The aim of this paper is to describe the infinitesimal deformation
(M,V) of a complex Finsler space family {(M, L¢)}+cr and to study
some of its geometrical objects (metric tensor, non-linear connection,
etc). In this circumstances the induced non-linear connection on (M, V)
is defined. Moreover we have elaborate the inverse problem, the problem
of the first order deformation of the metric. A special part is devoted
to the study of particular cases of the perturbed metric.

1 Introduction

The problem of complex structure deformations on a differentiable manifold
is one of interest, and in this direction, remarkable results have been obtained
[7, 8]. Starting with a complex (integrable) manifold (M, J), a deformation
of a certain integrable almost complex structure is studied by a power series
expansion in a real parameter ¢ of the linear operator J, so that the obtained
manifold (M, J;) must be an integrable complex one. The problem is difficult
and involves algebraic geometry considerations. Generally, through a defor-
mation of a complex manifold, the entire geometry (the complexificate tangent
space, Hermitian metrics, linear connections, etc.) is modified considerably.
The present work is intended to approach a simpler problem. We will not
deform the manifold M, so the holomorphic tangent bundle 7’ M remains the
same. Instead, we change the metrics which acts on T’ M, metrics which origi-
nates from a complex Finsler metric (M, L). In this way we obtain a family of
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complex Finsler spaces (M, L;). This problem is called the deformation of the
complex Finsler structures. To the best of our knolidge, the deformation of
the complex Finsler structures was studied only by T. Aikou in [2], where the
infinitesimal deformation of the Einstein-Finsler structures on a holomorphic
bundle E is approached. Obviously, in the case when F = T'M, a special
non-linear connection exits, called Chern-Finsler, which will bring new contri-
butions to the study.

This paper deals with three main sections. The fist reviews only the most
necessary notions for the main part. The second one begins by considering a
family of spaces (M, L;) given by the complex Finsler metric F, and defines
the infinitesimal deformation (M, V) of the (M, L = F?) space. Here we are
dealing with some geometry elements (metric tensor, non-linear connection,
etc.) of the complex Finsler space (M, V'), (Theorem 2.2). This point of view
sheds some new light on the rigidity of an infinitesimal deformation of a Finsler
space (Proposition 2.1). In contrast to previous section, the last part considers
(M, L) a complex Finsler space, and defines the first variation of it as the one
parameter family {.Z/t = L +tV};, where V is a real valued function. Under
this assumption, the question is when (M, L, determines a family of complex
Finsler spaces (Theorem 3.1). This problem has been called by us the first
order deformation. What is important to be mentioned here is the relation
between the induced connection of the deformation and the Chern-Finsler one
(Theorem 3.2, Proposition 3.2). The advantage of using this connections lies
in the fact that the characterization of the special subclasses is simplified. We
will emphasize in our study only the pure Hermitian, the Kéhler, the Berwald
and the generalized Berwald spaces (Propositions 3.3, 3.4, 3.5, 3.6). This
research includes also the characterization of the projective relation between
the complex Finsler metrics L and L; (Proposition 3.7).

Let M be a complex manifold of complex dimension n, where (U, (2*)) is
a local chart with complex coordinates (z*), and T’ M is holomorphic tangent
bundle where the fiber has the (*) components. From now on we take into
consideration (M, L = F?) as a complex Finsler space, where F : T'M — Rt
is called the complex Finsler function if it satisfies the below conditions:

i) L:= F? is smooth on T'M := T'M \ {0};

ii

F(z,nm) > 0, equality holds if and only if n = 0;
F(z,An) = |A\|F(z,n) for X € C;

)
)
iii)
iv) the following Hermitian matrix g,z (z,7), with

O%L
9ik = W (1)
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is positive definite on m, and it is called the fundamental metric tensor
of the space.

On (M, F) we consider the Chern-Finsler complex non-linear connection,
(briefly (c.n.c.)) with the local coefficients N} = g™ %znp!. Consequently,
the horizontal distribution HT’ M associated to Chern Finsler (c.n.c.) will

be generated by Jj = % = 5 — N;Tdam- Therefor, we obtain the local
coefficients of the Chern-Finsler hnear connection DI" = (N7, LJ k> C] x0,0):
Li, = g™ 619km,  Cy = 9™ digrm (2)

The connection form and the curvature form is considered as follows:
wi = Lildzl + C’,zl(Snl, Qi = d”wi. (3)

Hence the Chern-Finsler (c.l.c.) is of type (1,0) for any Z € A°(T" M) we have
the decomposition D = D' + D" with

D'Z=(d'Z'+Z"w,)®s;, D'Z=d"Z (4)

where d'Z = 6, Z™d2™ + Oy, Z™00™ and d"Z = 65 ZMdAZ™ + Om Z760™
In [1, 6] the notions of weakly Kdhler space were introduced and studied,
ie. glszknJr] = 0, and of Kahler space, i.e. lenj =0, where T ik = L;k L}w
If we Work under the assumption that g;; = g;7(z), then the space is called
purely Hermitian, and the notions of weakly Kéhler and Kahler coincides.
The Chern-Finsler (¢.n.c.) in general doesn’t derive from a complex spray,
but always determines one with the local coefficients G* = %N ;nj. On the other

hand, from G? is obtained a (c.n.c.) through N;f = 26-9jGi7 called canonical in
[9]. This connection coincide with the Chern-Finsler one if and only if the
metric is Kéahler.

The Finsler space (M, L) is generalized Berwald if the coefficients G* are
holomorphic functions, i.e. 5‘ G' =0, ([3, 5]). A generalized Berwald space
(M, L) which is also Kéhler is called a complex Berwald space ([3]). The weakly
Kihler form is given by 8*F := g™ gthl n"77. A space with vanishing 6**
becomes weakly Kahler.

Let L be an other complex Finsler metric on M. Abate and Patrizio in-
troduced in [1] the projective relation of two complex Finsler metrics, which
means that the metrics L and L on the manifold M have the same geodesics
as set of points.

In [4] one can find necessary and sufficient conditions for projectively re-
lated complex Finsler metrics:
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Theorem 1.1 ([4]). Let L and L be complex Finsler metrics on the manifold

M. Then L and L are projectively related if and only if there is a smooth
function P in T'M with complex values, such as

G=G+Q +Py, i=1,...,n,
where Q' 1= %(é*l — %),
The following result is a complex version of Rapcsak’s theorem.

Theorem 1.2 ([4]). Let L and L be complex Finsler metrics on the manifold
M. Then L and L are projectively related if and only if

e (GRE ) + 200G (L) = %(MW(&J); (5)
ro__ _i *L(A T\, T.
Q" = zie (O L)n";

1 B L
P = —[(6xL)n" + 0" (9;L)],
o7 [(OkL)n (0:L)]

(r=1,...,n), and the projective change is G* = G* + %(%E)nkni.

2 Infinitesimal deformations of Finsler structures

Let (M, L) be a complex Finsler space, with the fundamental tensor g,z (z, 7).
We consider a 1—parameter family of complex Finsler spaces {(M, L¢) }ser,
where for each ¢ € R the functions L;(z,n) verifies the conditions i)-iv) on the
T’ M holomorphic tangent bundle, and the metric tensors are

9i7(t) := gi7(z,m, t) similar to (1). Suppose that for ¢ = 0 we have Ly = L. For
this family of complex Finsler spaces we can consider a tangent vector:

called the infinitesimal deformation induced by the L; family. Its components
in respect with an orthonormal frame {0y, Ok, 9z, O3 } are given by:

o= (20) @)

Since L; are complex Finsler functions, we can deduce immediately that

the V function is also smooth on 7/“’\1\7, positive definite and homogeneous.
However, this doesn’t mean that the space (M, V) is also a complex Finsler
one. For this purpose the function V' needs to verify the following conditions:
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Theorem 2.1. Let (M,L) be a complex Finsler space with its infinitesimal
deformation V defined in (1). If the V' function satisfies the below properties:

i) V(z,m) > 0, the equality holds if and only if n = 0;

i) the matriz v := (3933(0)
t

is positive definite,
=0
then the (M, V') will be a complex Finsler space, with the metric tensor v,p.

- Fm
Remark 2.1. The inverse of vy, is pfm = 99 5t ®) l¢=0-

We suppose that (M, V) is hereinafter a complex Finsler space. Between
the metric tensors of (M, L) and (M,V) we have:

Lemma 2.1. Between the tensors g;x from (1) and v from (2) we have:
Ungki + gjkvki =0. (3)

Proof. Our proof start with the observation that in (M, L) and in (M, L;) it
takes place:

nggkm =0" = gjfc(t)gkm(t) = 43"
After the differentiation in respect with respect to t at ¢ = 0, and we obtain:

9 g’_”” (t)
ot

fom 0955 (t)

7 |t:0 =0 & Ujl_cgkm + gjl_cvkm -0

lt=0 + 9,
O

We are interested in finding new non-linear connections in (M, V'), and to
establishing relations between them.

Theorem 2.2. Let (M, L) be a complex Finsler space with his infinitesimal

Vv k
deformation (M,V). The functions Nj’-C = aj\gt(t) li=o0 are local coefficient of a

(c.n.c.) in (M, V), called the induced non-linear connection of the deformation.

v
Proof. According to [9] p.35, the functions N are coefficients of a (c.n.c.), if

v k .
the associated adapted frame d; := 0; — al\gt(t) |t=00k simply changes with the

matrix (gj’:) on T'M, (zk,nk) N (Z/kﬂ?/k).

As Nj(t) is the Chern-Finsler (c.n.c.) in (M, L;), we have that his adapted
frame §; := 0; — NJ’»C (t)0) changes with the matrix (azlk) . After a differentia-

az'nL

tion in respect to ¢, the same rule is preserved by the elements of the adapted

Y _ ot g
: _ 0z
frame, i.e. §; = 550} O
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On the other side, on (M,V) we can consider the Chern-Finsler (c.n.c) :
CFV

N]’-C = v[k%np. We wish to investigate the link between this two (c.n.c) on
(M, V). For this aim, we recall that Nj (t) = g™ (t)agé%}(t)nl and Nj = Nj(0),

and we explicit:
v, 7 0 (90g,(t) 0 ;
ol — 2 Pl p = 2 (g.(t)N? -
= 5 (S = on),, 0
9g1(t) i ON(t)
= g =0} ter—g

ION(t)
Tor =

oy N\ _
li=0 = v;rNJ + gi1

Applying this expression, we deduce a relation between the induced (c.n.c.)
on (M,V) and the Chern-Finsler one on (M, L):

Vm Im 7 Im 8’0 U
N = —g"™v; Nt + ¢! 8—;771’. (5)

v - _
. . 9g.s v+
The last formula can be processed in N = vlmgi[gpl%ns + glm%nzﬂ

by using (3) can be written as:

v _0gss = Ov g
m _ ,pm SP s lm pl _p
N; v B n°+g 2
From (3) we obtaine g™ = —vzjgj,;v’%m. Replacing this in (5) we proved:

1%
Theorem 2.3. Let N be the Chern-Finsler (c.n.c) in (M,L), let N be the

VCF
induced connection and let N be the Chern-Finsler one on the infinitesi-
mal deformation (M,V') of (M, L). Between this local coefficients occurs the

following relation:
v CFV

NJ" = g™ (Nj = Nj ). (6)

In the next part we will look more closely at the linear connection of the in-
finitesimal deformation (M, V). Let D; the Chern-Finsler linear connection of
the 1-parameter family {(M, L;)}:cr of the complex Finsler structure (M, L) .
We denote with Dy := D, where D is the Chern-Finsler connection of the
(M, L) space, and with D; the Chern-Finsler connection of (M, L;). Since the
Chern-Finsler connection D; is metric in respect to g,z (t), i.e.

(4),(2),(3)

(2 ) m
Dyg;r(t) =0 & dyg;7(t) — Wi (1) g,z (t) = 0,
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then the connection form w(t) of D; will be determined by
gk (B)wj(t) = dyg;r(t). (7)

Now we consider a linear connection of (1,0)-type on the complex Finsler
space (M, V), with the connection form

v (owi(h)
UJj = Bt .
t=0

From the fact that w!(t) is a connection form on (M, L), immediately re-

v
sults that w? is also a connection form on (M, V'), which will be called the

connection form of the infinitesimal deformation of the Chern-Finsler connec-
tion.

To give the explicit form for the infinitesimal deformation of the Chern-
Finsler connection w(t) = D; + D} we differentiate (7) in respect to ¢ at ¢ = 0:

8wi-(t) a / 7
9ik ( 8Jt ) = ot ( tng(t))tZO — UipWs- (8)
t=0

Let {6} := O, — NJ(t)d;, 0} be the adapted base of the Chern-Finsler
(e.n.c.) on T' M for the family of functions L;, and the dual basis {dz*, §'n¥ :=
?nk+](\§; (t)dz"}. We continue to develop independently the term £ (djg;z(t)),_,
rom (8):

0 0 m A m
a1 (d;gjl_c(t))t:o = a(éfngjl}(t)dz + 3m9j/}(t)5t77 )i=0
0 m A m
= a(amgjlé(t)dz - Nf,’l(t)ﬁpgj,;(t)dz

+0m gk ()An™ + Oy g (DN, (£)d2P)1=0
0 .
5z (Om9ik(0)dz" + Omg;k (t)dn™ )0
= Opujpdz™ + 3mvj,;d77m
O v, dz"™ + 3mvj,;d77m - Nf,’@a'pvj,;dzm + Nz’fa'mvj,;dzp
= Gmv;de™ + Opvon™ = d'vyp.

So (8) becomes

Owt(t .
ik < i )> = d'vj; —vgwi = D'vjg. (9)
t=0
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Contracted with g’_‘”", and using D'g;; = 0 and vi = g™V, from (9) is

obtained .
&,uj (t) _ Dy
ot t=0 ’

We can now formulate an important result about the linear connection
(%),_y in (M, V).

Proposition 2.1. Let L; be the 1-parameter family of the complex Finsler

metrics on T'M with the infinitesimal deformation V. The infinitesimal de-

formation (8£t)t20 of the Chern-Finsler connection D is zero if and only if

D'V =0.

Now we are able to write the non-zero coefficients of the infinitesimal de-
formation of the connection D;:

ot

Vo _ (9% (®)
ot

Y aLi'k(t) mi mi mi v
Lix = (j = 0™ 0kgjm + 9" Okvjm — 9" Opgim Ny,
t=0

= ) = 0" Okgjm + 9" Ovjm,
t=0

where (L;’}c, Cﬁ) are given in (2).
Using the definition of the curvature and the curvature form given in (3),

we obtain the expression of the infinitesimal deformation of the curvature
associated with the Chern-Finsler connection:

aQZ(t) " 1..1%
( 6]t )t_O:D (va).

Obviously on the (M,V) space we can also consider the Chern-Finsler
CFV CFV CFV

connection associated to the metric vz, i.e. L% = 0™ O Vg, Cf, =

o™ 3lvkm. The link between this connection with the connection of the in-
finitesimal deformation can be achieved by a trivial calculus, without interest.

3 First order deformation of a complex Finsler metric

Until now we have considered the complex Finsler space (M, L) and the family
of complex Finsler spaces (M, L;) which have defined the infinitesimal defor-
mation V, for which we have presumed that satisfies the axioms of a complex
Finsler function.
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In the following, we treat the problem inversely. We consider the complex
Finsler space (M, L) and V : T"M — R* a given function.

We define the family of functions L, : 7'M — R*, Vt € R, called the first
order deformation of L :

Ly:=L+1tV, VieR.

Obviously, from (1), follows that V' is an infinitesimal deformation (of first
order) of Ly.

We search for the conditions under which (M, L;) are complex Finsler
spaces. To achieve this, we must verify the four conditions from the definition
of a complex Finsler function for Lj.

The ii) condition is equivalent with

L;>0 & L+tV>0 < tV>—-LVteR.

We verify the equality firstly from the converse, namely it assumes that n = 0.
In this way we obtain

~ BLt (237 0)

Ly(z,0) = L(2,0) + 1V (2,0) = tV(2,0) = t =22 0. (10)

This relation is not vanishing for all t € R, z € M. For example, if L;(z,0) =
zt, then Whﬂ = z. So, we must impose the condition V' (z,0) = 0,

¥ z € T'M. The function L; will be (1,1)-homogeneous if and only if V will
be homogeneous of the same type. And so, we have:

Theorem 3.1. The space (M, Ly) with L, defined in (10) is a complex Finsler
space if and only if

i) the first order infinitesimal deformation V is a complex Finsler function,
W) tV>—L, Y(z,n) e T'M, t € R,
ii1) t is sufficiently small, so that he metric L, remains positive definite,

) the fundamental tensor §;;.(2,1,1) is positive definite, where

gty = 2L o tvg 11
g5t) = oot 95z, m) + tvp(z,m). (11)

We assume that (M, L;) is hereinafter a complex Finsler space.
To study the geometrical objects of (M, L;) we need the inverse matrix of

(gjﬁ)'
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Proposition 3.1. Let (M, f/t) a complex Finsler space. The inverse of the
Jundamental metric tensor gz (t) from (11) is g*™(z,n,t) with

~km Em km
g ( ) 1 tQ-g ( 777) 1 tQU ( 7”7) ( )

Proof. The proof is made trough direct calculus, with the help of Lemma
2.1. O

In the study of the family of spaces {(M, L¢)}+er an investigation of the
non-linear connections is indispensable. On (M, L;) the Chern-Finsler (c.n.c.)
has the following form

ag pm (t) p
029

. CFV
= §(@) <gpmNJP+tvpm ij)

Ni(t) = g™(t)

1 mi t mi 0 D
= e T ev") g em t toemn
1 i 3 i OVpin i O9pm 2 Ovpim
1+t2NJ'+1+t2< B " ’

029 027 1+t2v 027 U
1 _ t  ONL(t) 2 Ovps
= N? J _ mi Z P p 13
et Tre o ot et e ! (13)
N N N .
1 iy e T Te

Theorem 3.2. Let (M, fjt) be a_complex Finsler space. The complex non-
linear connection Chern-Finsler Nj(z,m,t) on (M, L) is

\T T 7 l aN]p(t) 7 7
Nj(t):Nj+1+t2T|t:0 (5p7tvp)7 VtER, (14)

where Nj’f are the local coefficients of the Chern-Finsler (c.n.c.) on (M, L), and

vl = Upmg™.
Proof. The demonstration is made with direct computations using the for-
mula (13). After a differentiation with respect to t at t = 0 of Nj(t) =

g™ (t)0;gpm (t)nP and after a contraction with g;; is obtained:

9(9;9,0) ONi(1) o
Tphzonp = gil’#h:o = 90" 0 gpmn’” -
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But 9gpmn” = grmN] and ﬂh —o = O0jv,7, and using (3) is deduced

pl>

ONI (1) i
Oju,m? = gil_#ltzo + v N;. (15)

Replacing this expression in (13), and keeping in mind (3), after an ele-
mentary calculation (14) is found. O

Now we are able to construct the adapted frame in respect to the Chern-
Finsler (c.n.c.) from (M, L;).

Lemma 3.1. The adapted frame of the Chern-Finsler (c.n.c) N(t) is
{6m (t), Omy0m (t), am}, with:

t v t2 ONE(t)

Om

—~

lt= kaam

and b, (t) = 6, (t), where 8,, is the adapted horizontal frame associated to N;
v
from (M, L), and §,, is its infinitesimal deformation.

With all of the necessary objects, we can build the Chern-Finsler (c.l.c.)
Dy = (Nj(t), Lix(t), Cj1.(1),0,0).

Proposition 3.2. In the complex Finsler space (M, f/t), with the L, _metric
from (10), the non-zero local coefficients of the Chern-Finsler (c.l.c.) Dy are:

- 1+2t2 i t i " t2 . 8Np()
k) = T2 kT 1+t2vm k- 1+t26’“ oot =0,
- 1 t m

k(1) 1+t20jk+ 1+t2 Um® k-

The torsion of the Chern-Finsler N — (c.l.c.) D, has the following non-
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vanishing local coefficients:

o) = L) - Ly =220 o Loy

- (akvpazg‘;()'to_ 83%8]\;()“_0)’ 16)
WD) = Cill) = T Cli+ VO
A0 = B0 = g+ D

ot ot

vy N
5]6 T‘tzo ((517 — t'l)p)—

_ONT(1) ONL(t) F s
9 le= 0t5k’U + — 9t li=0(6; — tvp)p5e(t) | -

2 (. ONP(t) _Op”(t)
—_— <8kv;‘) —J |t:() + U; b |t:O )

t

A0 = GaNi() = O+ o

Theorem 3.3. Let (M, L) be a complex Finsler space with the infinitesimal
deformation V' which satisfies the condition D'V = 0, where D is the Chern-
Finsler (c.l.c.) in (M, L). Then the D; = (N(t), L}, (t), C1 (1), 0,0) connection

of the (M, Ly) space is independent on t.
Proof. Let us first examine D'V =0 on (M, L).

Dv=0 = d’vii — w5 = 0.
Contracting this relation with v7¢ we obtain wiqd’wﬁ = gjqd’gﬁ. Combining
the formula of d’ with the expressions of the adapted horizontal frame ¢ and
of the vertical co-frame dn® in this relation, we can affirm:

ory Ov;j i 749935 i
N} =1 = gl = N} (17)
CFV
This gives d = d’ . By the same condition D'V = 0, we have

) CFV CFV
J o mj g __,mj / 7
wy, =g"d gpm =™ d vgm = wy,

CFV
We check at ones that D = D . O
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Remark 3.1. Using previous Theorem, we can assert that any complex Finsler
structure (M, L) with infinitesimal deformation V' which satisfies D'V =0 is
a rigid one.

In the following, we will be concerned with the study of particular classes
of the first order deformation f/t =L+tV.

The notion of the purely Hermitian space ([1, 9]) is presented in the intro-
ductory part, and is related to the complex Finsler spaces whose metric g;;
is independent on 7. Supposing that Ly is defining a complex Finsler metric
(Th. 2.1) and its infinitesimal deformation V' depends only of the position z.
In this way we obtain from (11) immediately:

Proposition 3.3. The complex Finsler space (M, f/t) is purely Hermitian if
and only if (M, L) is purely Hermitian.

From the expression of the h—torsion T ;k (t) in (16) the following property
is deduced:

Proposition 3.4. Let (M, L) be a complex Kihler space. (M, Ly) is a complex
Kdhler space if and only if

L ONP(t)

5 i ONE()
v or =00

8';91; p 8t

lt=0 = 0.

From [5] we know that if d;G* = 0 than the space is generalized Berwald,
and if in addition the space is Kéhler, than it becomes a complex Berwald
one.

The complex spray derived from the (c.n.c.) ]\7; (t) is

t  O0Gi(t)
1+t2 0ot

Gi(t) =G + li=o (6}, — tv?) . (18)

In the following, we give necessary and sufficient conditions so that the
complex Finsler space (M, L;) became a generalized Berwald one, or a complex
Berwald one.

Proposition 3.5. Let (M, L) be a generalized Berwald space. . Under one of
the condition sets stated below (M, Ly) is a generalized Berwald space:

i) the tensors v;- and g™ Oyvom are holomorphic;

ii) (M,V) is generalized Berwald space.
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Proof. Let (M, L) is a generalized Berwald space. From the expression of the
complex spray G*, given in (18), is deduced that the spray is holomorphic if

e 9 [0Gi(b) G (t) AN (t)n? Vi o
and only if P ( 5t |t:0) = 0, where —; lt=0 = Jait|t:0 :Nj 7/ with
%

N} given in (6):

0 aGZ t N i mi A
T’ﬁh <at<)|t—0) = ( aﬁv i Gpm + U aﬁajgpm

+0r9™ Djvpm + g™ OpOjvpm )P, (19)

To prove i) we have to go through the following steps. We explicit the equality
0;G" = 0 in the following way:

On (9™ i gpmn'n") = 0 < (8n9™ 03 9m + 9™ OrD;pm ) "’ = 0.
Contracting this relation with ¢,z we obtain
009,51 = ~gix0ng™ Osgpmn*n’ (20)
Assuming 3ﬁv; = 0 leads us to
D™ G, = —V™ Oy G, 8';LUM = —vﬁ”'gl;pﬁ.hgpm. (21)

Replacing (20) and (21) in (19), and using the property 3@(53— =0, we get

9 G (t y_mi mi 9 j
oo (25 10) = (g™ 0ym + g™ D050,
= 05 (9™ 0jvpm) 1P

Therefore, if we impose that the tensors U; and g™ 0yvosm to be holomorphic,

then (M, L;) becomes a generalized Berwald space. }
The i7) affirmation is obtained immediately from the expression of G* from
(18) applying the definition of a generalized Berwald space:

o [0G(t) o [ ON:i(t)y Vo
8777’1 <<9t|t_0> = 8777’1 (jatt_o =0 Nj n’ =0.
O

Proposition 3.6. Let (M, L) be a complex Berwald space. Under one of the
condition sets stated below (M, L) is a complex Berwald space:
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; ONE (1)
P ot

li=0 = 0.

i) the tensors v;», g™ Oyvom are holomorphic, and dov
i) (M,V) is a complex Berwald space.

Proof. (M, L) is a complex Berwald space, according to [?], if and only if it
is a generalized Berwald space and a Kéhler space, namely the Propositions
3.5 and 3.4 are verified. O

Further, we analyze under what conditions the complex Finsler space
(M, L) and (M, L) are projectively related, i.e. they have the same geodesics
as sets of points.

Proposition 3.7. The Finsler functions L are L, are projectively related if

and only if, the complex spray a%it(t) lt=0 of (M, V) is independent from t. In

this case, the projective change is Gi=G'.

Proof. From the Theorem 1.2 we deduce that, two complex Finsler functions
L and L; are in projective relation if an only if they verify the relation:

. - . - 1 . ..
8F(5kLt)77k + 2(8FGl)(8lLt) = E—((SkLt)nk(ath). (22)
t
By the lemma below, we can express the terms of (22).

Lemma 3.2 ([4]). Let (M, L) be a complex Finsler space and *L a complex
Finsler metric on M. The spray coefficients G* and *G* of the metrics L and
*L satisfy:

“Gl= G4 g (3;(5;;L)nk +2((9,=Gl)((9l*L)> i=1,...,n. (23
From (18) and (23) we obtain
OGP (t)
at

Contracting this relation with 7", and using the homogeneity property of Ly,

we find: acr (1)
(6 L)n" = 2t3,,L7|t:0. (25)

Replacing the expressions (24) and (25) in (23) we get:
OGP (t - s
815( >|t:0 (gp’FLt - apL ath) =0.
In the above relation the expression in the brackets in generally is not zero,
but the infinitesimal deformation of the complex spray GP is vanishing if the
spray is independent from t.

The converse implication is obtained immediately from the formula (18).
O

O (0 Le)n® + 2(0:GY)(D1Ly) = tgpr

Jo- (24)
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